It is desirable to realize topological phases in artificial structures by engineering electronic band structures. In this paper, we investigate (PbTe)m(SnTe)2n−m superlattices along the [001] direction and find a robust weak topological insulator phase for a large variety of layer numbers m and 2n − m. We confirm this topologically non-trivial phase by calculating Z2 topological invariants and topological surface states based on the first-principles calculations. We show that the folding of Brillouin zone due to the superlattice structure plays an essential role in inducing topologically non-trivial phases in this system. This mechanism can be generalized to other systems in which band inversion occurs at multiple momenta, and gives us a brand-new way to engineer topological materials in artificial structures.
I. INTRODUCTION
The concept of time reversal (TR) invariant topological insulators (TIs) characterizes a new class of materials that are insulating in the interior of a sample, but whose surfaces contain robust conducting channels protected by TR symmetry. [1] [2] [3] [4] Since the metallic surface states of TIs can be described by Dirac fermions with exotic physical properties, researchers have been interested in pursuing different types of topological materials.
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TR invariant TIs can exist in both two dimensions and three dimensions. TIs in two dimensions, also known as "quantum spin Hall insulators", were first predicted theoretically. [5] [6] [7] The quantum spin Hall effect was experimentally observed in HgTe/CdTe quantum wells (QWs) 8 and in InAs/GaSb type II QWs [9] [10] [11] . In three dimensions, TR invariant TIs can be further classified into two categories, strong TIs and weak TIs. [12] [13] [14] [15] Strong TIs have an odd number of Dirac cones at their surfaces and can be characterized by one Z 2 topological invariant, while the surface states of weak TIs contain an even number of Dirac cones and three additional Z 2 topological invariants are required. 13 Strong TIs have been realized experimentally in various classes of materials, including Bi 1−x Sb x , 13, 16, 17 Bi 2 Se 3 family, [18] [19] [20] TlBiTe 2 family, 21, 22 PbBi 2 Se 4 family, 23, 24 strained bulk HgTe, 12, 25, 26 etc. In contrast, only a few practical systems for weak TIs have been proposed theoretically [27] [28] [29] and no experiments on weak TIs have been reported, up to our knowledge. Surface states of weak TIs are also expected to possess intriguing phenomena, such as one-dimensional helical modes along dislocation lines, 30 the weak anti-localization effect, 31 the half quantum spin Hall effect, 32 etc. [33] [34] [35] [36] [37] [38] Impurity scattering is reduced for surface states of TIs, so electric currents can flow with low dissipation. This leads to wide-ranging interests in device applications of TIs.
To search for new topological materials with robust physical properties, it is essential to engineer electronic band structures with the desired features. A useful and intuitive physical picture to understand TIs is the concept of "band inversion". Band inversion means that the band orderings of conduction and valence bands are changed at some high symmetry momenta in the Brillouin zone (BZ), so that band dispersion cannot be adiabatically connected to the atomic limit of the system under certain symmetries. 7, 13, 39 In other words, the band gap changes its sign from positive to negative when band inversion occurs (We usually define the sign of a normal band gap to be positive). Actually all the well-known topological materials have "inverted" band structures. A large variety of experimental methods can be applied to tune band gaps, such as controlling chemical compositions by doping, 17, 40, 41 applying strain, 25 etc. In this paper, we propose that band inversion can be controlled by constructing superlattice structures, which has the obvious advantage of their controllability. We will consider the PbTe/SnTe superlattice, a typical semiconductor superlattice made of IV-VI group compounds, as an example due to its simplicity. We will show that weak TIs can be achieved for PbTe/SnTe superlattices grown along the [001] direction. Remarkably, the weak TI phase we found is not equivalent to a stack of 2D quantum spin Hall layers in [001] direction. Instead, the nontrivial topology arises from the folding of BZ, which plays an essential role in inducing band inversion. This mechanism can be in principle generalized to search for other topological phases, including strong TIs and topological crystalline insulators, and paves the way to engineering topological phases in artificial structures. This paper is organized in the following way. In section II, we briefly review the bulk properties of PbTe and SnTe, and introduce our calculation methods. In section III, we will show the evolution of band structure from PbTe to a (PbTe) 1 (SnTe) 1 superlattice step by step to illustrate how we obtain weak TIs. We calculate topological invariants, as well as surface states of the (PbTe) 1 (SnTe) 1 superlattice, to demonstrate the weak TI phase in this system. We will also discuss experimental realization and other possibilities to realize weak TI based on the same mechanism. The conclusion is drawn in section IV.
II. SUPERLATTICE CONFIGURATION AND CALCULATION METHODS
We start with a review of material properties of bulk PbTe and SnTe. PbTe and SnTe have face-centered cubic NaCl-type of structures with the corresponding BZ shown in Fig. 1 . Both materials are narrow gap semiconductors with multiple applications in thermoelectricity, infrared diode and even superconductivity [42] [43] [44] . The band gaps of these materials are located at the center of the hexagon on the BZ boundary, usually denoted as L points (See Fig. 1(b) ). There are four L points in totel, which are related to each other by mirror symmetry. It was shown that the band gap of SnTe has the opposite sign of that of PbTe. 45 Consequently, the systems consisting of SnTe and PbTe may possess topologically non-trivial properties. For example, recent interest in these IV-VI semiconductors is stimulated by the prediction that SnTe represents a new type of topological phase dubbed "topological crystalline insulators", which host gapless surface states protected by mirror symmetry. [45] [46] [47] [48] [49] This finding was recently confirmed by the experimental observation of surface states in SnTe family of materials. 40, 50, 51 With additional uniaxial strain along the [111] direction, both PbTe and SnTe are expected to be strong TIs. The calculations are performed within the framework of density functional theory (DFT) calculations using the Perdew-Burke-Ernzerhof (PBE) generalized gradient approximation 54 and the projector augmented wave (PAW) potential 55 , as implemented in the Vienna ab initio simulation package (VASP) 56 . The spin-orbit coupling is included in all the calculations. The energy cutoff of the plane-wave basis is 340 eV. The 10×10×10 and 10×10×1 Monkhorst-Pack k points are used for bulk and surface calculations separately. The lattice parameters are obtained by structural optimization.
Different topological phases can be determined by calculating Z 2 topological invariants. 13, 57 In three dimensions, there are four topological invariants, one strong topological index and three weak topological indices. With space inversion symmetry preserved, topological invariants can be evaluated easily using the parity of occupied states at eight time-reversal-invariant momenta (TRIM) Γ i (i = 1, · · · , 8). 13 The strong topological index ν 0 is given by
and the three weak topological indices ν k are given by
where δ Γi = n∈occ ξ 2n (Γ i ) is the product of parity of all occupied states for one time-reversal copy at TRIM Γ i = Γ i=(n1,n2,n3) = (n 1 b 1 + n 2 b 2 + n 3 b 3 )/2 and b i are the reciprocal lattice vectors. 13 A strong TI phase is determined by the index ν 0 while a weak TI phase is characterized by a vectorν = (ν 1 , ν 2 , ν 3 ). Weak TIs can be understood as a stacking of 2D TI layers along the di-
13 On the surfaces with miller index h =ν(mod2) in weak TIs, an even number of Dirac surface states can appear. 13 As a check of our numerical methods, we calculate the parity of all occupied states at TRIM for the bulk SnTe and PbTe, as shown in Table I . As expected, both strong topological index and weak topological indices are trivial for SnTe and PbTe, which is consistent with the previous analysis.
13
The underlying reason is that there are four L points with δ Γi = + for SnTe and δ Γi = − for PbTe (Γ i = L 1,2,3,4 ), as shown in Table I . However, since both strong topological index (1) and weak topological indices (2) contain an even number of L points, the product of δ Γi always gives a + sign. Therefore, in order to achieve topological non-trivial phases, it is essential to reduce the number of equivalent L points, which can be achieved by a superlattice structure, as discussed in detail below. 
III. WEAK TOPOLOGICAL INSULATORS IN PBTE/SNTE SUPERLATTICES
The band structure of a PbTe/SnTe superlattice can be understood from a simple physical picture ; a 2 = a(ẑ +x); a 3 = a(x +ŷ) of a face-centered cubic lattice, where a is the distance between Pb and nearest Te atom, to α 1 = a(x −ŷ); α 2 = a(x +ŷ); α 3 = 2aẑ for the superlattice cell, as shown in Fig. 1(a) . Since the superlattice cell is twice the primitive cell, the corresponding BZ of the superlattice is folded and becomes half the original one. As shown in Fig. 1 
Besides, there will be four new TRIM in the folded BZ, denoted as Λ Fig. 1(b) . Since the BZ is reduced, band dispersion should also be folded (see Fig.  2(a) ). Consequently, the δ Γ ′ 1, 2, 3, 4) , one finds that both strong topological index and weak topological indices remain unchanged, which is expected since the lattice remains the same in this step.
Next, we substitute one Pb atom by one Sn atom in the superlattice cell as shown in Fig. 1(a) . This does not break inversion symmetry and thus we can still use Eqs.
(1) and (2) to evaluate topological invariants. Introduc-
(a) Band structure evolution from PbTe to (PbTe)1(SnTe)1 superlattice, by taking Te 5s band along the ΓX1 as an example. (b) Schematic evolution of energy levels around the Fermi surface, which leads to band inversion. In a superlattice structure, the states from L1 and L2 are brought together and the degeneracy is removed by doping Sn, resulting in a band inversion. The + or − sign denotes the parity of state at TRIM.
ing Sn atoms induces the interaction between the states at L ′ 0,1 and splits the degeneracy. When the splitting is large enough, band inversion occurs at these momenta. In Fig. 2(b) , we denote the wavefunctions of conduction bands as ϕ 1,2 (odd parity) and those of valence bands as ψ 1,2 (even parity) at L 1,2 . After replacing atoms, both ϕ 1,2 and ψ 1,2 are no longer the eigen-states of the (PbTe) 1 (SnTe) 1 superlattice and they will hybridize to form new eigenstates ϕ a,b and ψ a,b , as shown in Fig. 2(b) . Due to level repulsion, the state ψ a of the valence band maximum will be pushed up while the state ϕ b of the conduction band minimum will be pushed down. Since ψ a and ϕ b have opposite parities, band inversion occurs when ψ a and ϕ b change their sequences, as shown in the second step of Fig. 2(b) . A similar situation happens at L ′ 0 . Thanks to reduction in the number of L points from four to two in the first step, the band inversion at L ′ 0,1 can lead to a weak TI phase in PbTe/SnTe superlattices. The replacement by Sn atoms will also split the degeneracy at TRIM Λ ′ i , as shown in Fig. 2(a) . However, since the initial gaps at these TRIM are huge, the splitting will not change any band sequences. It should be emphasized that this mechanism does not rely on the inverted band structure of SnTe. Instead, band inversion originates from the strong coupling between the states at equivalent L points due to the folding of the BZ in a superlattice structure.
Therefore, the replacement of Pb atoms by Sn atoms will change the sign of δ 
at other TRIM unchanged. Strong topological index should still be zero since there are always even number times of band inversion. Nevertheless, weak topological indices can be nonzero, so we carry out an ab initio calculation for the (PbTe) 1 (SnTe) 1 superlattice and the energy dispersion is shown in Fig. 3 . A Mexican-hat shape of dispersion appears around L ′ 0 , indicating the occurrence of band inversion. Furthermore, we check the δ Γi at all TRIM Γ ′ i and Λ ′ i , as shown in the table II. We find the weak TI indicesν = (110), so the present system can be viewed as a stacking of two dimensional TIs along x direction. ( Since β 1 = π(x −ŷ)/a, β 2 = π(x +ŷ)/a, β 3 = πẑ/a are the reciprocal lattice vectors for the (PbTe) 1 (SnTe) 1 superlattice, β 1 + β 2 equals 2πx/a).
For a weak TI withν = (110), surface states with even number of Dirac cones are expected on the surface with Miller index h =ν(mod2). Thus, we consider a slab configuration of (PbTe) 1 (SnTe) 1 superlattice along [001] direction and directly calculate surface states with the ab initio method. Indeed, as shown in Fig. 4 , surface states are found aroundX 1,2 is protected by TR symmetry according to Kramers' theorem. Therefore, our calculation of topological surface states is consistent with the analysis of bulk topological invariants, confirming that the (PbTe) 1 (SnTe) 1 superlattice is a weak TI. Similar to the case of strong TIs, the backscattering in one Dirac cone is completely suppressed due to the helical nature of spin texture. Since twoX ′ points are well separated in momentum space, the scattering between two Dirac cones is negligible for impurities with smooth pontentials.
Remarkably, the surface states here are qualitatively different from the surface states of SnTe, which consist of four Dirac points at non-TRIM and are protected by mirror symmetry instead of TR symmetry. For the (PbTe) 1 (SnTe) 1 superlattice, mirror symmetry can also play a role. Actually, there is additional protection of the gapless Dirac points atX Fig. 4 and perpendicular to the surface) and (110) plane (the plane along the lineΓ ′ −X ′ 2 in Fig. 4 ), respectively. Since there is only one Dirac cone at one mirror plane, the mirror Chern number C m should be 1 in the present system , in contrast to C m = 2 in bulk SnTe. Therefore, the (PbTe) 1 (SnTe) 1 superlattice can also be regarded as a TCI with mirror Chern number C m =1. When TR symmetry is broken but mirror symmetry is preserved, e.g. with an in-plane magnetic field along the [110] or [110] direction, the gapless nature of Dirac cones should still remain.
3D weak TIs are usually constructed by stacking 2D TIs, such as layered semiconductors discussed in Ref. [27, 29] . In these cases, if we take the stacking direction as z direction, the corresponding weak topological indices are (001). In contrast, the weak topological indices (110) of our system are different from the growth direction (001) of superlattices. Thus, the underlying mechanism of our system is not the stacking of 2D TIs, but the folding of BZ, as discussed above. In our system, two surface Dirac cones appearing atX ′ 1 andX ′ 2 of (001) surfaces are related to each other by four-fold rotation symmetry or mirror symmetry. When there is scattering between two Dirac cones, charge density waves can occur at (001) surfaces, giving rise to the half quantum spin Hall effect proposed in Ref. [32] . 
Similar discussion can also be applied to other (PbTe) m (SnTe) 2n−m superlattices (n and m are integers) and it turns out that the weak TI phase is quite robust. The BZ of (PbTe) m (SnTe) 2n−m superlattice can be obtained by simply folding the BZ of a (PbTe) 1 (SnTe) 1 superlattice along the z direction. Two L ′ points in a (PbTe) 1 (SnTe) 1 superlattice will be still mapped to two separate TRIM in the new BZ. Thus, the machanism for the weak TI phase is still applicable. As shown in Table III, for a large range of the ratio x = m 2n , the system keeps in the weak TI phase withν = (110) and the corresponding band gaps vary around tens of meV. Thus, a fine tuning of layer numbers of the superlattice is not necessary. Similar superlattices have been fabricated in early experiments. [58] [59] [60] [61] Therefore, PbTe/SnTe superlattices along the [001] direction provide us an experimentally feasible and controllable platform to investigate the exotic phenomena of weak TIs. Moreover, since our basic mechanism is quite general, it is also worthwhile to investigate GeTe/SnTe 62 and PbSe/SnSe superlattices 40 .
IV. CONCLUSION
In summary, we propose a series of (PbTe) m (SnTe) 2n−m superlattice systems to realize weak TIs. Due to the BZ folding, we reduce the number of equivalent L points so that weak TI phases can be realized in PbTe/SnTe superlattices, which cannot be achieved in the bulk Pb x Sn 1−x Te with uniform doping. We notice that the PbTe/SnTe superlattice along the [111] direction has been investigated with the effective Hamiltonian at four equivalent L points. 53 In this case, four L points are projected into different momenta in the folded BZ, so that they can be treated separately and the effect of BZ folding is not important. But for the superlattice along the [001] direction, different L points will be mapped to the same momentum in the folded BZ. Therefore, the coupling between different L points cannot be neglected and instead shows a new mechanism to engineer topological phases. This idea can be generalized to search for new topological phases in other systems where band gap occurs at several equivalent momenta.
